
Introduction
Calculations

Results

A numerical calculation of the gravitational wave
signal in the low frequency regime produced by

binary supermassive black holes

Elinore Roebber1

with Gilbert Holder1, Daniel Holz2, & Michael Warren3

1McGill University, 2University of Chicago, 3LANL

August 26, 2014
Cosmo2014

Elinore Roebber Gravitational waves from SMBH binaries



Introduction
Calculations

Results

1 Introduction
Supermassive black holes
Gravitational radiation

2 Calculations
Simulations
From halos to black holes
Building a population of SMBH binaries

3 Results
The gravitational wave background
Conclusion

Elinore Roebber Gravitational waves from SMBH binaries



Introduction
Calculations

Results

Supermassive black holes
Gravitational radiation

Supermassive black holes (SMBHs)

Figure: MBH–Lbulge scaling relation
Kormendy & Ho 2013

Black holes which have a
mass � 106M⊙

Found at the centers of
most galaxies at z = 0

Quasars at z � 7

Masses correlate
remarkably closely with
the properties of their
host galaxies

Famous scaling relations:
MBH–σ and MBH–Lbulge
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Do galaxy mergers produce SMBH binaries?

Figure: NGC 6240, the result
of a galaxy merger, with two
active black holes at its
center.
Credit: NASA/CXC/MPE/S.Komossa et al.

Large galaxies experience many
mergers over their lifetimes.

When two galaxies merge, the
SMBHs fall to the center of the
remnant through dynamical friction.

The final parsec problem: can they
get close enough to form a binary?

We don’t see a lot of galaxies with
two SMBHs a parsec apart.

Could be solved for galaxies with
non-spherical symmetry or in
gas-rich mergers.
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Binary SMBHs produce gravitational radiation

Figure: Artist’s conception of
binary black holes emitting
gravitational radiation.
Credit: T. Carnahan (NASA GSFC)

If sufficiently tight binaries form,
they will emit gravitational waves at
twice their orbital frequency.

This emission tightens the binary:
after ∼ 100 Myr, the black holes
will merge.

Observed gravitational wave
amplitude (‘strain’) is a function of:

Separation (orbital frequency)
Chirp mass Mchirp = µ3/5M2/5

Distance to the observer
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The gravitational wave background from SMBH binaries

196 A. Sesana, A. Vecchio and C. N. Colacino

Figure 1. The characteristic amplitude hc, see equation (10), generated by a
population of MBHBs in the frequency range accessible with Pulsar Timing
Arrays for the assembly models discussed in the text. The thick lines show
the total signal for the VHM (solid line), the VHMhopk (dot–dashed line),
the KBD (short-dashed line) and the BVRhf (long-dashed line) models.
The thin lines show the contributions from selected portions of the binary
population predicted by the VHM model: the contribution to the signal
considering different redshift cuts (thin dashed lines) and different cuts in
chirp mass M (thin dotted lines).

that different assumptions for the MBH–stellar bulge relation have a
significant (a factor of �2) impact on the overall level of the signal.

3.3 Monte Carlo approach

A different procedure to estimate the signal produced by a popu-
lation of MBHBs is to directly build such a population through a
Monte Carlo approach and compute the overall signal in the relevant
frequency range by adding the contributions from each individual
binary, using the same merger trees. In observations with PTAs,
radio pulsars are monitored weekly for periods of years. The rele-
vant frequency band is therefore between 1/T – where T is the total
observation time – and the Nyquist frequency 1/(2!t) – where
!t is the time between two adjacent observations, corresponding
to 5 ! 10"9–10"7 Hz. The frequency resolution bin is 1/T , and
a source can be considered effectively monochromatic if during
the observation time the frequency shift Tdf /dt (due to loss of
energy through GW emission) is less than 1/T . It is simple to
verify through equation (8) that this is indeed the case for the over-
whelming majority of sources in the relevant mass range for f �
10"7 Hz.

Starting from a model-dependent prescription of the MBH assem-
bly history, one generates a population of MBHBs using a Monte
Carlo sampling of the trivariate distribution d3N/dzdMdlnfr; the
total signal hc is then computed by adding all the contributions
in every frequency interval 1/T . A key difference with respect to
the semi-analytical approach described in Section 3.2 is that here
we do not directly perform the integral in equation (10), but, given
the Monte Carlo sample of the emitting sources we simply sum the
contributions of each individual one. It is also obvious – but this
point is essential to explain discrepancies with the semi-analytical
approach – that by default one takes into account the discrete nature
of the GW emitters.

Figure 2. The total contribution to the characteristic amplitude hc of the
GW signal from a population of MBHBs in the frequency range accessible
to Pulsar Timing Arrays. In each panel, the thick line shows hc produced in
a specific Monte Carlo realization and compares it to the prediction yielded
by the semi-analytical approach (thin line). The observation time is T =
5 yr.

Figure 3. Same as Fig. 2, but now three different Monte Carlo realizations
of the GW signal expected from the same MBH assembly model (VHM) are
shown as a function of frequency (thick solid, dotted and dashed lines). The
thin solid line is the prediction obtained using the semi-analytical approach
for the same model. The observation time is set to 5 yr.

The results of this approach are reported in Fig. 2 for the differ-
ent models of MBH assembly discussed in Section 3.1. Each panel
shows hc obtained through both the semi-analytical approach and
the Monte Carlo realization in a frequency resolution bin !f =
1/T , where T is set to 5 yr. In Fig. 3, we focus on a specific MBH
assembly model (VHM) and compare three different Monte Carlo
realizations of the GW signal. Some distinctive features are imme-
diately clear: (i) the Monte Carlo and semi-analytical approach pro-
vide estimates of the total GW signal that are very well in agreement
at frequencies below #10"8 Hz and (ii) at frequencies �10"8 Hz,
the total contribution to hc produced through the Monte Carlo pro-
cedure falls clearly below the semi-analytical prediction hc $ f "2/3

C% 2008 The Authors. Journal compilation C% 2008 RAS, MNRAS 390, 192–209

Figure: A 2/3 power law vs.
more realistic signals.
Sesana et al. 2008

Due to their orbital periods, binaries
should emit a lot of gravitational
waves at frequencies between
∼ 10−9 Hz and ∼ 10−7 Hz.

The characteristic signal produced
by SMBH binaries is an incoherent
sum of the strains from all sources.

It is traditionally represented as a
2/3 power law, but the reality is
more complicated.
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Pulsar Timing arrays

PTAs look for slight variations in the periods of millisecond pulsars
to see if gravitational waves are passing the earth.
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PTAs will measure low-frequency gravitational waves

Pulsar timing arrays are sensitive to nHz frequencies.
=⇒ Sensitive to the SMBH binary gravitational wave background.
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Figure 5. Sky-averaged upper limit on the strain amplitude, h0 as a function of GW frequency. The Bayesian upper limits are computed using a fixed-noise
model (thick black(blue)) and a varying noise model (thin black(purple)) and the frequentist upper limit (gray(red)) is computed using the Fp-statistic. The
dashed curves indicate lines of constant chirp mass for a source with a distance to the Virgo cluster (16.5 Mpc) and chirp mass of 109M⊙ (lower) and 1010M⊙
(upper). The gray(green) squares show the strain amplitude of the loudest GW sources in 1000 monte-carlo realizations using an optimistic phenomenological
model of Sesana (2013). See text for more details. (Color figures available in online version.)

the minimum luminosity distance for any chirp mass value
and GW frequency. In Figures 6 and 7 the white diamonds
represent the locations of the 17 NANOGrav pulsars used in
the analysis and the black(white) stars are the sky locations of
potential GW hotspots (Simon et al. 2013) and possible GW
source candidates (Valtonen et al. 2008; Iguchi et al. 2010; Ju
et al. 2013).

We will now discuss the features of this sky-dependent up-
per limit computed using the frequentist Fp-statistic. Firstly,
we notice that the overall distribution is quite similar to the
antenna pattern response (i.e., 1 + cosµ) as is to be expected
in the case of no detection. Due to this, we are most sensitive
(larger lower limit on luminosity distance) at sky locations
near the best timed pulsars (i.e., J1713+0747, B1855+09,
J1909-3744) and least sensitive in the opposite direction.
More quantitatively, we note that in the most sensitive areas
of the sky we can constrain the luminosity distance dL � 47
Mpc for M = 109M⊙. Furthermore, it is possible to constrain
the luminosity distance dL �∼ 2 Gpc in the most sensitive
sky locations if we consider 1010M⊙ chirp mass sources. It
should be noted that the Bayesian fixed-noise search gives
nearly identical results to the fixed-noise frequentist search.

We now move to the sky-dependent upper limit computed
using the full Bayesian technique where the GW and noise pa-
rameters are varied simultaneously. The first observation that
we make is that the overall scale is about a factor of 2 lower
than the fixed-noise frequentist or Bayesian upper limit. At
first this may be surprising given the general agreement of the
sky-averaged upper limits of Figure 5; however, full Bayesian

sky-dependent upper limits exacerbate the problem of rela-
tively few pulsars contributing to the overall PTA sensitivity
as shown in Figure 2. Another difference in this upper limit,
as opposed to the frequentist upper limit, is that it does not
quite match the expected antenna pattern response function.
These differences are due to the fact that we are simultane-
ously varying the GW and noise parameters, and when only
one or a few pulsars contribute to the PTA sensitivity, there is
a degeneracy between intrinsic red-noise processes in the pul-
sar and a common GW among all pulsars. In other words, it
is very difficult to distinguish between a low-frequency con-
tinuous GW and a red noise process if only a small number of
pulsars have sufficiently low noise levels to resolve the GW.

Because Bayesian upper limits marginalize or integrate
over all parameters except the amplitude, the correlations be-
tween the GW and the red noise amplitude will broaden the
1-d pdf of the amplitude and thus will result in larger upper
limits as opposed to the fixed-noise case. As is clear from
Figure 7, the aforementioned effect is very strong for GW sky
locations near our best timed pulsars. For example, we are
not most sensitive to GWs around the sky location of PSR
J1713+0747 because this pulsar contributes a very large per-
centage of the overall SNR of the GW in this case and thus
results in a very large correlation between the GW and red
noise amplitudes.

Since, at the moment, we have no way of measuring the
noise properties of the pulsars independently of any GWs that
may be present in the data, to perform a completely robust
upper limit or search we must allow both to vary simultane-

Figure:
NANOgrav pulsar
timing array
sensitivity.
Arzoumanian et al. 2014

Elinore Roebber Gravitational waves from SMBH binaries



Introduction
Calculations

Results

Simulations
From halos to black holes
Building a population of SMBH binaries

Large-scale dark matter simulations

Figure: A snapshot of the Bolshoi
simulation at z = 0.
Credit: Stefan Gottlober (AIP)

We use halo merger trees from:

Bolshoi Klypin et al. 2011

250 Mpc/h box size

WMAP5 cosmology

108 M⊙/h mass resolution

Dark Sky Warren 2013

1000 Mpc/h box size

Planck cosmology

1010 M⊙/h mass resolution
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Dark matter halos
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Placing galaxies in halos

The Astrophysical Journal, 770:57 (36pp), 2013 June 10 Behroozi, Wechsler, & Conroy
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Figure 7. Left panel: evolution of the derived stellar mass as a function of halo mass. In each case, the lines show the mean values for central galaxies. These relations
also characterize the satellite galaxy population if the horizontal axis is interpreted as the halo mass at the time of accretion. Error bars include both systematic and
statistical uncertainties, calculated for a fixed cosmological model (see Section 4 for details). Right panel: evolution of the derived stellar mass fractions (M!/Mh) as
a function of halo mass.
(A color version of this figure is available in the online journal.)

The rate of decrease depends again on the halo mass, with high
halo masses shutting off more rapidly than lower halo masses.
Cluster-scale (Mh � 1014 M") halos form most of their stars
rapidly, at early times, whereas galaxies in Magellanic Cloud-
scale halos (1011 M") form stars over an extended period of
time (see also Section 5.4).

5.2. The Stellar Mass–Halo Mass Relation

We show constraints on SMHM relation from z = 0 to z = 8
in the left panel of Figure 7 and on the SMHM ratio in the right
panel. As seen in our previous work (Behroozi et al. 2010), there
is a strong peak in the stellar mass to halo mass ratio at around
1012 M" to at least z # 4 and a weaker peak still visible to
z # 8. While the location of the peak appears to move to higher
masses with increasing redshift (consistent with Leauthaud et al.
2012), the abundance of massive halos is also falling off with
increasing redshift.

In terms of dwarf galaxies (Mh # 1010 M"), we only have
constraints from observations at z = 0. These have been the
subject of recent interest due to the finding of higher-than-
expected stellar mass to halo mass ratios in dwarf galaxies
around the Milky Way (Boylan-Kolchin et al. 2012). However,
these expectations have been set largely by the assumption
that the stellar mass to halo mass ratio remains a scale-free
power law below 1011 M". As seen in Figure 7, the low mass
power-law behavior is broken below 1011 M", corresponding
with an upturn in the SMF below 108.5 M" (Baldry et al. 2008;
this result has also been seen by A. Kravtsov, in preparation).
This underscores the danger of assuming that faint dwarfs obey
the same physical scaling relations as Magellanic-Cloud-scale
galaxies; moreover, it also is a strong argument against fitting
the SMHM relation with a double power law (see discussion in
Appendix D).

Concerning the range of allowed SMHM relations, the
observational systematics are large enough that our results
are marginally consistent with an unchanging SMHM relation
from z = 6 to z = 0. Nonetheless, the feature with strongest
significance is a gradual decrease in stellar mass in the median
1011 M" halo from z = 0 to z = 2, followed by an increase again
for redshifts z > 6; also potentially indicated is an increase in
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Figure 8. Evolution of the derived stellar mass fractions (M!(z)/Mh(z)) as a
function of halo mass at the present day. More massive halos used to have
a significantly larger fraction of mass in stars, but the peak star formation
efficiency has remained relatively constant to the present day.
(A color version of this figure is available in the online journal.)

stellar mass in the median Mh > 1013 M" halo from z = 0 to
z = 2. The best-fit SMHM relations at z = 7 and z = 8 are
significantly different than at lower redshifts, with more stellar
mass per unit halo mass. However, concerns about the reliability
of the SMFs at those redshifts (see Section 3.1) urge caution in
interpreting the physical meaning of this result.

A useful perspective on these results can be obtained by
considering the historical stellar mass to halo mass ratio of halos,
as shown in Figure 8. Despite the large systematic uncertainties,
it is clear that halos go through markedly different phases of
star formation. This evolution is most apparent for massive
halos, as observations have been able to probe the properties
of the progenitor galaxies all the way to z = 8. Specifically,
high-redshift progenitors of today’s brightest cluster galaxies
(Mh # 1014 M" were relatively efficient in converting baryons
to stars—comparable to the most efficient galaxies today.
However, between redshifts 2–3, their efficiencies peaked, and
thereafter they began to form stars less rapidly than their host

12

Figure: Empirically calibrated stellar
mass–halo mass relation.
Behroozi et al. 2013
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Placing black holes in galaxies

58

To better emphasize the slight variation in M•/Mbulge, we plot this ratio expressed as a percent
against bulge mass in Figure 18. A direct fit to these points gives

100

�
M•

Mbulge

�
=

�
0.49+0.06

−0.05

� �
Mbulge

1011 M⊙

�0.14±0.08

, intrinsic scatter = 0.29 dex. (11)

BH mass ratios range from 0.1% to ∼ 1.8%, with NGC 4486B and NGC 1277 standing out at 14%
and 17%, respectively. The systematic variation in M•/Mbulge with Mbulge is one reason why AGN
feedback has little effect on galaxy structure at low BH masses and instead becomes important at
the largest BH masses (Section 8). Note: the RMS scatter ∆ logM• = 0.327 in Figure 18 (top) is
only marginally smaller than ∆ logM• = 0.341 in the luminosity correlation (Figures 16 and 17).
Conversion from LK,bulge to Mbulge does not make much difference for old stellar populations.

Figure 18
(top) BH mass and (bottom) percent ratio of BH mass to bulge mass as functions of bulge mass. The
lines are Equations 10 and 11. The scatter in M•/Mbulge is larger than the systematic variation.

Figure: Relation between galaxy
bulge mass and black hole mass.
Kormendy & Ho 2013
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Binary black holes
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Figure: Binary SMBH mass functions

Putting it all together:

Halos are populated with
galaxies.

Galaxies are populated with
black holes.

The simulation tells us which
halos merge.

From this, we can determine the
population of SMBH binaries born
between each redshift snapshot.

Elinore Roebber Gravitational waves from SMBH binaries
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Constructing a representative sample of ‘observed’ binaries
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Figure: The strain for a single
population of binaries.

Begin with the population of SMBH
binaries derived for each simulation
within a redshift slice.

Transform the population in each
simulation box to the population we
expect to see on the sky.

Draw binaries from this population:

Chirp Mass of the binary
Frequency (separation)
Distance from the observer

Calculate the resulting gravitational
wave signal for this population!

Elinore Roebber Gravitational waves from SMBH binaries



Introduction
Calculations

Results

The gravitational wave background
Conclusion

What does the gravitational wave backgound look like?

Example: Bolshoi
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What does the gravitational wave backgound look like?

Example: Bolshoi
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Contains 68% of the signal amplitude

Contains 95% of the signal amplitude
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What does the gravitational wave backgound look like?

Example: Bolshoi
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What does the gravitational wave backgound look like?

Example: Bolshoi
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Amplitude of the signal
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Figure: The rms amplitudes
for each simulation, compared
to a 2/3 power law.

The rms strain closely resembles the
expected 2/3 power law.

Its amplitude is a factor of 2–3
lower than the current upper limits.

Consistent with predictions from
‘empirical’ models (Sesana 2013,
Ravi+ 2014).

We see a ∼ 25% difference between
simulations, including the effect of
different cosmologies.

Variance due to astrophysics is
somewhat larger (Sesana 2013).
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Scatter in the signal
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No single realization of the
gravitational wave spectrum will
look like a power law.

Scatter increases with frequency: at
low frequencies, a single realization
of the strain will be close to the rms
signal; at high frequencies it will be
much smaller with occasional
individual bright sources.
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Conclusions

As a result of galaxy mergers, a large population of
supermassive black hole binaries is expected to exist.

This population is difficult to probe with conventional
astrophysics, and is a poorly understood aspect of galaxy
evolution.

BUT: a strong source of gravitational waves out to z ∼ 1.

Should be detectable by pulsar timing arrays soon!
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